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Abstract. Algorithm selection is typically based on models of algorithm per-
formance learned during a separaffine training sequence, which can be pro-
hibitively expensive. In recent work, we adopted @iline approach, in which

a performance model is iteratively updated and used to guide selectiarsen
quence of problem instances. The resulémgloration-exploitatiorirade-off was
represented as a bandit problem with expert advice, using an existirey far
this game, but this required the setting of an arbitrary bound on algorithm ru
times, thus invalidating the optimal regret of the solver. In this paper, oegse

a simpler framework for representing algorithm selection as a bandilgy
with partial information, and annknownbound on losses. We adapt an existing
solver to this game, proving a bound on its expected regret, which holw$oals
the resulting algorithm selection technique. We present experiments witloh se
SAT solvers on a mixed SAT-UNSAT benchmark.

1 Introduction

Decades of research in the fields of Machine Learning andidaii Intelligence brought
us a variety of alternative algorithms for solving many lsraf problems. Algorithms
often display variability in performance quality, and camgtional cost, depending on
the particular problem instance being solved: in other wptldere is no single “best”
algorithm. While a “trial and error” approach is still the m@®pular, attempts to au-
tomate algorithm selection are not new [1], and have growiotm a consistent and
dynamic field of research in the arealMbta-Learning[2]. Many selection methods
follow an offline learning scheme, in which the availability of a large tragiset of
performance data for the different algorithms is assuméis d@ata is used to learn a
model that mapspfoblem algorithm) pairs to expected performance, or to some prob-
ability distribution on performance. The model is laterdise select and run, for each
new problem instance, only the algorithm that is expectagiM®the best results. While
this approach might sound reasonable, it actually igndresdmputational cost of the
initial training phase: collecting a representative samgdlperformance data has to be
done via solving a set of training problem instances, ant getance is solved repeat-
edly, at least once for each of the available algorithms, orenif the algorithms are
randomized. Furthermore, these training instances atereskto be representative of
future ones, as the model is not updated after training.



In other words, there is an obvious trade-off betweenetkorationof algorithm
performances on different problem instances, aimed atileguthe model, and thex-
ploitation of the best algorithm/problem combinations, based on thdefi®predic-
tions. This trade-off is typically ignored in offline algthrin selection, and the size of
the training set is chosen heuristically. In our previouskng,4,5], we have kept an
onlineview of algorithm selection, in which the only input availalo the meta-learner
is a set of algorithms, of unknown performance, and a seguehproblem instances
that have to be solved. Rather than artificially subdividimg problem set into a train-
ing and a test set, we iteratively update the model each timiestance is solved, and
use it to guide algorithm selection on the next instance.

Bandit problems [6] offer a solid theoretical framework di@aling with exploration-
exploitation trade-offs in an online setting. One impottabstacle to the straightfor-
ward application of a bandit problem solver to algorithmesébn is that most existing
solvers assume a bound on losses to be available befordhdrd] we dealt with this
issue heuristically, fixing the bound in advance. In thisgrgape introduce a modifica-
tion of an existing bandit problem solver [8], which allowsd deal with an unknown
bound on losses, while retaining a bound on the expectedtrégris allows us to pro-
pose a simpler version of the algorithm selection framew®rkwBLE TA, originally
introduced in [5]. The result is a parameterless onlinerilym selection method, with
a provable upper bound on regret.

The rest of the paper is organized as follows. Section 2 tesca tentative taxon-
omy of algorithm selection methods, along with a few examitem literature. Sec-
tion 3 presents our framework for representing algorithlectmn as a bandit problem,
discussing the introduction of a higher level of selectioroag different algorithm se-
lection techniquesgtime allocator3. Section 4 introduces the modified bandit problem
solver for unbounded loss games, along with its bound orete§ection 5 describes
experiments with SAT solvers. Section 6 concludes the paper

2 Reated work

In general terms, algorithm selection can be defined as tieeps of allocating compu-
tational resources to a set of alternative algorithrivsorder to improve some measure
of performance on a set of problem instances. Algorithmcsiele techniques can be
further described according to different orthogonal feadu

Decision vs. optimization problems. A first distinction needs to be made among
decisionproblems, where a binary criterion for recognizing a soluis available; and
optimizationproblems, where different levels of solution quality caralt@ined, mea-
sured by ambjectivefunction [9]. Literature on algorithm selection is oftercésed on
one of these two classes of problems. The selection is nyrmiahed at minimizing
solution time for decision problems; and at maximizing perfance quality, or im-
proving some speed-quality trade-off, for optimizationldems.

4 The algorithm set may also contain multiple copies of a same algorithm, idiffer their
parameter settings; or even identical randomized algorithms differihginrtheir random
seeds.



Per set vs. per instance selection. The selection among different algorithms can be per-
formed once for an entire set of problem instangees Getselection, following [10]);

or repeated for each instanqee( instanceselection).

Static vs. dynamic selection. A further independent distinction [11] can be made
amongstatic algorithm selection, in which allocation of resources poas algorithm
execution; andlynamig or reactive algorithm selection, in which the allocation can be
adapted during algorithm execution.

Oblivious vs. non-oblivious selection. In oblivioustechniques, algorithm selection is
performed from scratch for each problem instanceyon-oblivioustechniques, there

is some knowledge transfer across subsequent problenmaestausually in the form

of amodelof algorithm performance.

Off-line vs. online learning. Non-oblivious techniques can be further distinguished as
offlineor batchlearning techniques, where a separate training phaseforped, after
which the selection criteria are kept fixed; asinetechniques, where the criteria can
be updated every time an instance is solved.

A seminal paper in the field of algorithm selection is [1], ihieh offline, per in-
stance selection is first proposed, for both decision andhagstion problems. More re-
cently, similar concepts have been proposed, with diffieleminology (algorithnrec-
ommendatiopranking model selectio) in the Meta-Learningcommunity [12,2,13].
Research in this field usually deals with optimization peoi, and is focused on max-
imizing solution quality, without taking into account themputational aspect. Work
on Empirical Hardness Model§l4,15] is instead applied to decision problems, and
focuses on obtaining accurate models of runtime perforearunditioned on numer-
ous features of the problem instances, as well as on paresratehe solvers [10].
The models are used to perform algorithm selection on a [starnice basis, and are
learned offline: online selection is advocated in [10]. tatere on algorithm portfolios
[16,17,18] is usually focused on choice criteria for builglthe set of candidate solvers,
such that their areas of good performance do not overlappptichal static allocation
of computational resources among elements of the portfolio

A number of interesting dynamic exceptions to the statiecein paradigm have
been proposed recently. In [19], algorithm performance elingd is based on the be-
havior of the candidate algorithms during a predefined armofitime, called theob-
servational horizopand dynamic context-sensitive restart policies for SAVexs are
presented. In both cases, the model is learned offline. Irirddteement Learning [20]
setting, algorithm selection can be formulated as a Markewilon Process: in [21],
the algorithm set includes sequences of recursive algositiormed dynamically at
run-time solving a sequential decision problem, and a tiariaof Q-learning is used
to find a dynamic algorithm selection policy; the resultieghnique is per instance,
dynamic and online. In [11], a set of deterministic algarithis considered, and, under
some limitations, static and dynamic schedules are oldaip@sed on dynamic pro-
gramming. In both cases, the method presented is per seteoffl

An approach based on runtime distributions can be found 2,2[, for parallel
independent processes and shared resources respedthveluntime distributions are
assumed to be known, and the expected value of a cost fupetiocounting for both
wall-clock time and resources usage, is minimized. A taskching schedule is eval-



uated offline, using a branch-and-bound algorithm to finddpbmal one in a tree
of possible schedules. Unfortunately, the computationadlexity of the tree search
grows exponentially in the number of processes.

Finding a per set optimal task switching schedule is proedoket NP-hard in [24].
Based on this work, [25] propose a greethapproximation of the optimal schedule,
and use it as a basis for an online algorithm. [26] introdyz@sinstance selection,
based on discrete features.

“Low-knowledge” oblivious approaches can be found in [B],2n which various
simple indicators of current solution improvement are usedlgorithm selection, in
order to achieve the best solution quality within a givenetioontract. In [28], the
selection process is dynamic: machine time shares are lmsadrecency-weighted
average of performance improvements. We adopted a sinpiaoach in [3], where we
considered algorithms with a scalar state, that had to radalget value. The time to
solution was estimated based on a shifting-window linetnapolation of the learning
curves.

For optimization problems, if selection is only aimed at in@xing solution qual-
ity, the same problem instance can be solved multiple tirkesping only the best
solution. In this case, algorithm selection can be repitesess aMax K -armed bandit
problem, a variant of the game in which the reward attribtiteglach arm is the maxi-
mum payoff on a set of rounds. Solvers for this game are usg®9iB0] to implement
oblivious per instance selection from a set of multi-stgtiraization techniques: mul-
tiple runs of the available solvers are allocated, to mazénsiolution quality on a single
problem instance.

Further references can be found in [31,5].

3 Algorithm selection as a bandit problem

In its most basic form [32], thenulti-armed banditproblem is faced by a gambler,
playing a sequence of trials against/srarmed slot machine. At each trial, the gambler
chooses one of the available arms, whose losses are randengyated from different
stationarydistributions. The gambler incurs in the corresponding,la@sd, in theull
informationgame, she can observe the losses that would have been plaig puly of
the other arms. A more optimistic formulation can be madeims of positive rewards.
The aim of the game is to minimize thegret defined as the difference between the
cumulative loss of the gambler, and the one of the best armarilib problem solver
(BPS) can be described as a mapping from the history of tise$osbserved so far, to
a probability distributiorp = (p1, ..., px) Over theN arms, which will be used to pick
an arm at the subsequent trial.

More recently, the original restricting assumptions haserbprogressively relaxed,
allowing for non-stationaryloss distributionspartial information (only the loss for
the pulled arm is observed), aadversarialbandits that can set their losses in order to
deceive the player. In[33,6], a reward game is consideretina statistical assumptions
are made about the process generating the rewards, whieliawed to be an arbitrary
function of the entire history of the gamedn-obliviousadversarial setting). Based on



these pessimistic hypotheses, the authors describe plistialgambling strategies for
the full and the partial information games.

Let us now see how to represent algorithm selectiondfecisionproblems as a
bandit problem, with the aim of minimizing solution time. @ider a sequencg =
{b1,...,byp} of M instances of a decision problem, for which we want to mineniz
solution time, and a set ok algorithmsA = {ay,...,ax}, such that each,, can
be solved by each;. It is straightforward to describe static algorithm safactn a
multi-armed bandit setting, where “pick arifi means “run algorithna,;, on next prob-
lem instance”. Runtimes;, can be viewed as losses, generated by a rather complex
mechanism, i.e., the algorithmag, themselves, running on the current problem. The
information is partial, as the runtime for other algorithimshot available, unless we
decide to solve the same problem instance again. In a wosetsz@nario one can re-
ceive a "deceptive” problem sequence, starting with pnoblestances on which the
performance of the algorithms is misleading, so this bamaiblem should be consid-
ered adversarial. As BPS typically minimize the regret wétbpect to a single arm, this
approach would allow to implemeper setselection, of the overall best algorithm. An
example can be found in [7], where we presented an onlineaddtir learning a per
set estimate of an optimal restart strategy.

Unfortunately, per set selection is only profitable if on¢haf algorithms dominates
the others on all problem instances. This is usually not #secit is often observed in
practice that different algorithms perform better on difg problem instances. In this
situation, a per instance selection scheme, which can tdiféegent decision for each
problem instance, can have a great advantage.

One possible way of exploiting the nice theoretical prapsrof a BPS in the con-
text of algorithm selection, while allowing for the imprawent in performance of per
instance selection, is to use the BPS at an upper level,¢otsmhong alternative algo-
rithm selection techniques. Consider again the algorithlection problem represented
by B andA. Introduce a set oV time allocatoryTA ;) [3,5]. Each TA can be an arbi-
trary function, mapping the current history of collectedfpamance data for eacly,
to a shares”) € [0,1])%, with Zle s = 1. ATA is used to solve a given problem
instance executing all algorithms  in parallel, on a single machine, whose compu-
tational resources are allocated to eaglproportionally to the corresponding, such
that for any portion of time spent st is used byuy, as in astaticalgorithm portfolio
[16]. The runtime before a solution is found is theiny, {tx /s }, tx being the runtime
of algorithmay.

A trivial example of a TA is thauniformtime allocator, assigning a constant=
(1/K,...,1/K). Single algorithm selection can be represented in this dwaonk by
setting a singles;, to 1. Dynamic allocators will produce a time-varying shafe). In
previous work, we presented examples of heuristic oblwi@) and non-oblivious [4]
allocators; more sound TAs are proposed in [5], based orpaoametric models of the
runtime distribution of the algorithms, which are used taimiize the expected value of
solution time, or aquantileof this quantity, or to maximize solution probability withi
a give timecontract

At this higher level, one can use a BPS to select among diffé¢nme allocators,
TA;, TA, ..., working on a same algorithm set. In this case, “pick arny” means



Algorithm 1 GAMBLETA (A, 7, BPS) Gambling Time Allocator.
Algorithm setA with K algorithms;
AsetT of N time allocators T4,
A bandit problem solver BPS
M problem instances.

initialize BPS(N, M)
for each problend;,i =1,..., M do
pick time allocator (:) = j with probabilityp; (7) from BPS.
solve problend; using TAr on A
incur lossl; ;) = mink{tk(i)/sg)(i)}
update BPS
end for

“use time allocator TA on A to solve next problem instance”. In the long term, the
BPS would allow to select, on ger setbasis, the TA that is best at allocating time
to algorithms in4 on aper instancebasis. The resulting “Gambling” Time Allocator
(GAMBLETA) is described in Alg. 1.

If BPS allows for non-stationary arms, it can also deal withet allocators that
arelearningto allocate time. This is actually the original motivatiar fadopting this
two-level selection scheme, as it allows to combine in agipied way the exploration
of algorithm behavior, which can be represented by the amiftime allocator, and
the exploitation of this information by a model-based adliwe, whose model is being
learned online, based on results on the sequence of prolfenso far. If more time
allocators are available, they can be made to compete, ts#nBPS to explore their
performances. Another interesting feature of this sedacticheme is that the initial
requirement that each algorithm should be capable of spleach problem can be
relaxed, requiring instead that at least one ofdfean solve a giveh,,,, and that each
TA; can solve each,,: this can be ensured in practice by imposing.a> 0 for all ay.
This allows to use interesting combinations of complete imedmplete solvers i
(see Sect. 5). Note that any bound on the regret of the BP Sigtidirmine a bound on
the regret of @QMBLE TA with respect to the best time allocator. Nothing can bd sai
about the performance w.r.t. the best algorithm. In a woase setting, if none of the
time allocator is effective, a bound can still be obtainedrimjuding the uniform share
in the set of TAs. In practice, though, per-instance sadaatan be much more efficient
than uniform allocation, and the literature is full of exdegof time allocators which
eventually converge to a good performance.

The original version of @GvBLE TA (GAMBLE TA4 in the following) [5] was based
on a more complex alternative, inspired by the bandit problgth expertadvice, as
described in [33,6]. In that setting, two games are goinghquairallel: at a lower level,
a partial information game is played, based on the proltahdistribution obtained
mixing the advice of differenexperts represented as probability distributions on the
K arms. The experts can be arbitrary functions of the histbobserved rewards, and
give a different advice for each trial. At a higher levelyliinformationgame is played,
with the NV experts playing the roles of the different arms. The prdiglistribution



p at this level is not used to pick a single expert, butrtix their advises, in order to
generate the distribution for the lower level arms. InNMBLE TA4, the time allocators
play the role of the experts, each suggesting a diffeseah a per instance basis; and
the arms of the lower level game are tRealgorithms, to be run in parallel with the
mixture share. EP4 [33,6] is used as the BPS. Unfortunately, the bounds far4E
cannot be extended toA®BLE TA4 in a straightforward manner, as the loss function
itself is not convex; moreover, ¥4 cannot deal with unbounded losses, so we had to
adopt an heuristic reward attribution instead of using thépuntimes.

A common issue of the above approaches is the difficulty dfrgeteasonable
upper bounds on the time required by the algorithms. Thideena straightforward
application of most BPS problematic, as a known bound orelssusually assumed,
and used to tune parameters of the solver. Underestimdtiadpound can invalidate
the bounds on regret, while overestimating it can producexaessively "cautious”
algorithm, with a poor performance. Setting in advance addoound is particularly
difficult when dealing with algorithm runtimes, which carséa exhibit variations of
several order of magnitudes among different problem icgtsyor even among different
runs on a same instance [34].

Some interesting results regarding games withoundedosses have recently been
obtained. In [8,35], the authors consider a full informatgame, and provide two al-
gorithms which can adapt to unknown bounds on signed rewBadsed on this work,
[36] provide a Hannan consistent algorithm for losses whmaend grows in the num-
ber of trials: with a known rate”, v < 1/2. This latter hypothesis does not fit well
our situation, as we would like to avoid any restriction oa sequence of problems: a
very hard instance can be met first, followed by an easy onthisnsense, the hypo-
thesis of a constant, but unknown, bound is more suited:AnME.E TA, this unkown
bound would correspond to the worst performance of the wor& allocator. In [8],
Cesa-Bianchet al. also introduce an algorithm for loss games with partial infation
(ExP3LIGHT), which requires losses to be bound, and is particularogife when the
cumulative loss of the best arm is small. In the next sectierintroduce a variation of
this algorithm that allows it to deal with an unknown boundasses.

4 An algorithm for gameswith an unknown bound on losses

Here and in the following, we consider a partial informatgame withN arms, and
M trials; an index(:) indicates the value of a quantity used or observed at irial
{1,...,M}; j indicate quantities related to theth arm,j € {1,...,N}; index E
refers to the loss incurred by the bandit problem solver, A indicates the arm
chosen at tria{¢), so it is a discrete random variable with valugin. .., N}; r, u will
represent quantities related to @mochof the game, which consists of a sequencé of
or more consecutive trialspg with no index is the natural logarithm.

EXP3LIGHT [8, Sec. 4] is a solver for the bandit loss game with partitrimation.
Itis a modified version of the weighted majority algorithn7]3n which the cumulative
losses for each arm are obtained through an unbiased estiffiae game consists of

5 For a given round, and a given arm with Idsmnd pull probabilityp, the estimated lodss l/p
if the arm is pulledf otherwise. This estimate is unbiased in the sense that its expected value,



Algorithm 2 EXP3LIGHT (N, M, £) A solver for bandit problems with partial infor-
mation and a known bound on losses.
N arms,M trials
lossed;(i) € [0,£]Vi=1,...M,j=1,...,N
initialize epochr = 0, Lr = 0, L;(0) = 0.
initialize n,. according to (1)
for each triak = 1,..., M do
setp; (i) oc exp(—n,L; (i — 1)/L£), X0, p;(§) = 1.
pick arm(i) = j with probabilityp; ().
incur |OSSlE(i) = l](i)(i).
evaluate unbiased loss estimates:
U1y (1) = L1y (9) /P13y (1), I; = O for j 5 I(7)
update cumulative losses:
[:E(’L) =Lg(i— 1) +~lE(i),

Li(i))=L;j(i—1)4+1;@¢),forj=1,...,N
L* (i) = min; L; (i).
if (L*(i)/L) > 4" then
start next epoch = [log, (L*(i)/L)]
updater, according to (1)
end if
end for

a sequence of epochs= 0, 1,...: in each epoch, the probability distribution over the
arms is updated, proportional ¢éap (—n,L;), L, being the current unbiased estimate
of the cumulative loss. Assuming an upper bodfidn the smallest loss estimatg,is
set as:

77T:\/2(10g1\/'—&-NlogM) )

(N4r)

When this bound is first trespassed, a new epoch starts andh),. are updated accord-
ingly.

The original algorithm assumes losses|in1]. We first consider a game with a
known finite bound_ on losses, and introduce a slightly modified versionopBLIGHT
(Algorithm 2), obtained simply dividing all losses W Based on Theorem 5 from [8],
the following is trivial to prove:

Theorem 1. If L*(M) is the loss of the best arm aftéd/ trials, and Lg(M) =

sM lr@iy(i) is the loss ofEXP3LIGHT (N, M, L), the expected value of its regret
is bounded as:

with respect to the process extracting the arm to be pulled, equals theadtiabf the loss:
E{l} =pl/p+ (1 —p0=1L.



Algorithm 3 EXP3LIGHT-A (N, M) A solver for bandit problems with partial infor-
mation and an unknown (but finite) bound on losses.
N arms,M trials,
lossed;(i) € [0,£]Vi=1,...M,j=1,...,N
unknown £ < oo
initialize epochu = 0, EXP3LIGHT (N, M, 2%)
for each triak = 1, ..., M do
pick arm(z) = j with probabilityp; (i) from EXP3LIGHT.
incur losslg (i) = 1) (4).
if l[(i) (’L) > 2% then
start next epochy = [log, I7(;)(7)]
restart EXP3LIGHT (N, M — i,2%)
end if
end for

E{Lp(M)} — L*(M) 2)
< 2v/6L(log N + N log M)NL*(M)
+ L[2y/2L(log N + Nlog M)N
+ (2N + 1)(1 + log,(3M + 1))].

We now introduce a simple variation of Algorithm 2 which doest require the
knowledge of the bound on losses, and uses Algorithm 2 as a subroutine.
ExP3LIGHT-A (Algorithm 3) is inspired by the doubling trick used in [&r a full
information game with unknown bound on losses. The gameamagrganized in a
sequence of epochs= 0, 1,...: in each epoch, Algorithm 2 iestarted resetting all
loss estimates, and using a boufigd = 2*; a new epoch is started with the appropriate
u whenever a loss larger than the curréntis observed.

Theorem 2. If L*(M) is the loss of the best arm aftdd trials, and £ < o~ is the
unknown bound on losses, the expected value of the redetRELIGHT-A (N, M) is
bounded as:

E{Lp(M)} — L*(M) < ®3)
4v/3Mog, L]1L(log N + N log M)NL*(M)

+ 2[log, L]1L[\/4L(log N + Nlog M)N

+ (2N +1)(1 + log,(3M + 1)) + 2]

The proof is given in the appendix. The regret obtained RpE_IGHT-A is
O(\/LN log(M)L*(M)), which can be useful in a situation in whighis high butZ*
is relatively small, as we expect in our time allocationigetif the algorithms exhibit
huge variations in runtime, but at least one of the TAs ewahtwwonverges to a good
performance. We can then usa®3LIGHT-A as a BPS for selecting among different
time allocators in @MBLE TA (Algorithm 1).




5 Experiments

The set of time allocator used in the following experimestthie same as in [5], and
includes the uniform allocator, along with nine otllgmamicallocators, optimizing
different quantiles of runtime, based on a nonparametridehof the runtime distri-
bution that is updated after each problem is solved. We fiisfl{ describe these time
allocators, inviting the reader to refer to [5] for furtheetdils and a deeper discus-
sion. A separate modél, (t|x), conditioned on features of the problem instance, is
used for each algorithm,. Based on these models, the runtime distribution for the
whole algorithm portfolia4 can be evaluated for an arbitrary share [0, 1]%, with
S sp=1,as
K
Fas(t)=1- ][] - Fel(sit))- (4)

k=1

Eqg. (4) can be used to evaluate a quantie (o) = Fj‘ls(a) for a given solution
probability .. Fixing this value, time is allocated using the share thatimizes the
quantile

§ = argmin F;ls(a) 5)

Compared to minimizing expected runtime, this time allocdtas the advantage of
being applicable even when the runtime distributions aggraper, i. e F'(oc0) < 1, as
in the case of incomplete solvers.dnamicversion of this time allocator is obtained
updating the share value periodically, conditioning eAglon the time spent so far by
the correspondingy; allocation of multiple CPUs is considered in [38].

Rather than fixing an arbitrary, we used nine different instances of this time allo-
cator, witha ranging from0.1 to 0.9, in addition to the uniform allocator, and let the
BPS select the best one.

We present experiments for the algorithm selection scerfesim [5], in which a
local search and a complete SAT solver (respectively, G2-WBA] and Satz-Rand
[34]) are combined to solve a sequence of random satisfialleunsatisfiable prob-
lems (benchmarksf - x, uu- = from [40], 1899 instances in total). As the clauses-to-
variable ratio is fixed in this benchmark, only the numberariables, ranging fror20
to 250, was used as a problem featwrel ocal search algorithms are more efficient on
satisfiable instances, but cannot prove unsatisfiabilityre doomed to run forever on
unsatisfiable instances; while complete solvers are gtegdrno terminate their execu-
tion on all instances, as they can also prove unsatisfiabilit

For the whole problem sequence, the overheadaafi® e TA3 (Algorithm 1, using
ExP3LIGHT-A as the BPS) over an ideal “oracle”, which can predict andomly the
fastest algorithm, i82%. GAMBLE TA4 (from [5], based on EP4) seems to profit from
the mixing of time allocation shares, obtaining a bett€¥,. Satz-Rand alone can solve
all the problems, but with an overhead of aba0% w.r.t. the oracle, due to its poor
performance on satisfiable instances. Fig. 1 plots the gwalof cumulative time, and
cumulative overhead, along the problem sequence.
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Fig. 1. (a): Cumulative time spent by &1BLE TA3 and GAMBLE TA4 [5] on the SAT-UNSAT
problem set10° ~ 1 min.). Upper95% confidence bounds d0 runs, with random reordering
of the problems. @ACLE is the lower bound on performanceNWoRM is the (0.5,0.5) share.
SATZ-RAND is the per-set best algorithm. (b): The evolution of cumulative overhdafined as
(22 ta(d) —22,to(4))/ 22, to(d), yvheretG is the perfqrmance of ®MBLETA andio is the
performance of the oracle. Dotted lines repre$&f# confidence bounds.

6 Conclusions

We introduced EP3LIGHT-A, a bandit problem solver for loss games with partial in-
formation and an unknown bound on losses, extending the wij®. Based on this,
we proposed a simpler version or@BLE TA [5], an online algorithm portfolio selec-
tion method. The use of 3LIGHT-A avoids the setting of any additional parameter,
and provides a bound on regret with respect to the best etefnoemthe set of time al-
locators. The choices of the algorithm set, and of the tifoeators to use, are still left

to the user. Any existing algorithm (portfolio) selecti@thnique, including oblivious
ones, can be included in the setMfallocators, with an impaad(v/N) on the regret:
the overall performance of @1BLE TA is guaranteed to converge to the one of the best
time allocator.

We also presented preliminary experiments, observinggatstiegradation in per-
formance compared to the heuristic version efMBLE TA presented in [5] (based on
ExpP4), which requires to set a maximum runtime in advance, andatebe provided
of a bound on regret.

According to [41], a bound for the originabk®3LIGHT can be proved for an adap-
tive i, (1), in which the total number of trial8/ is replaced by the current trial
This should allow for a potentially more efficient variatiohEXP3LIGHT-A, in which
ExP3LIGHT is not restarted at each epoch, and can retain the informatipast losses.
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Appendix

A.1 Proof of Theorem 2

This follows the proof technique employed in [8, TheoremB#.i,, the last trial of
epochu, i. e. the first trial at which a los ;) (i) > 2" is observed. Write cumulative

losses during an epoch excludingthe last triali,, asL(") = Zj;“:;.ulfl“ I(¢), and

let L*®) = min; 37", 1;(i) indicate the optimal loss for this subset of trials. Be
U = u(M) thea priori unknown epoch at the last trial. In each epaghhe bound (2)
holds with£,, = 2" for all trials except the last ong,, so noting thatog(M — i) <

log(M) we can write:

2\/ 6L, (log N + N log M)N L*(®)

+ Lu[21/2L,(log N + N log M)N
+ (2N +1)(1 + log,(3M + 1))].

The loss for triak,, can only be bound by the next value 6§, evaluatedh posteriori
E{lp(iu)} = 1" (iu) < Luy1, 7)

wherel* (i) = min; [;(¢) indicates the optimal loss at trial
Combining (6,7), and writing_; = 0, iy = M, we obtain the regret for the whole
game®

U U
B{Lp(M)} = 3010 = 371 (i)
u=0 u=0
U
< 37{21/6L.(10g N + Nlog M)N L+
u=0

+ L4[2¢/2L,(log N + N log M)N
+ (2N + 1)(1 +log,(3M + 1))]}

U
+ Z Lot
u=0

The first term on the right hand side of (8) can be bounded ukgngen’s inequality

>V <

u=0

(8)

5 Note that all cumulative losses are counted from tial; + 1 to trial 4, — 1. If an epoch
ends on its first trial, (6) is zero, and (7) holds. Writing = M implies the worst case
hypothesis that the boun@lyy is exceeded on the last trial. Epoch numberare increasing,
but not necessarily consecutive: in this case the terms related to thegregsiohs aré.



with

ay = 24L,(log N + Nlog M)N L*™ (9)
< 24Ly41(log N + Nlog M)NL*®,

The other terms do not depend on the optimal logsé%), and can also be bounded
noting that,, < Ly41.

We now have to bound the number of epo€hsThis can be done noting that the
maximum observed loss cannot be larger than the unknowrfijriig, bound£, and
that

U + 1 = [logy maxl;;(i)] < [logy L], (10)

which implies
Ly =2V <oL. (11)

In this way we can bound the sum

U [log, L]
Y Lo < Y 2v<ottlestlcyr (12)
u=0 u=0

We conclude by noting that

L*(M) = min; L;(M) (13)
U U U
>3 LM N ) > Y L.
u=0 u=0 u=0

Inequality (8) then becomes:

E{Lg(M)} — L*(M)
< 2¢/6(U+1)Ly41(log N + Nlog M)NL*(M)
+ (U4 1)Ly1[2v/2Ly41(log N + Nlog M)N
+ (2N 4 1)(1 + log, (3M + 1))] + 4L.

Plugging in (10, 11) and rearranging we obtain (3). O



